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Edited by Paul BertoneAbstract The Wnt/b-catenin signalling pathway is evolution-
arily conserved across many species and plays important roles
during embryogenesis. The Lee–Heinrich model (to recognize
the contributions of R. Heinrich we will refer to the work pro-
posed by Lee et al. [Lee, E., Salic, A., Kru¨ger, R., Heinrich,
R., Kirschner, M.W. (2003) The roles of APC and axin derived
from experimental and theoretical analysis of the Wnt pathway.
PloS Biol. 1, 116–132] as the Lee–Heinrich model) describes this
pathway by use of coupled ordinary diﬀerential equations. Here,
we extend this model by introducing negative feedback loops of
the pathway using time-delay diﬀerential equations. Single-
and multiple-parameter perturbations suggest a very robust
behaviour of this pathway that can also demonstrate oscillatory
behaviour. These ﬁndings are of biological signiﬁcance as Wnt
pathway components show oscillations during vertebrate somito-
genesis.
 2007 Federation of European Biochemical Societies. Pub-
lished by Elsevier B.V. All rights reserved.
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simulation; Time-delay diﬀerential equations; Robustness1. Introduction
Cells are able to react to extracellular stimuli through the
activation of intracellular signal transduction pathways to
allow proper embryonic development or to adapt to changes
in the external environment. Misregulation of these pathways
can lead to developmental defects as well as disease states such
as cancer. A detailed understanding of an intracellular signal
transduction pathway includes the identiﬁcation of the partic-
ipating components and all interactions among them. Experi-
ments have indicated that signalling pathways are not
designed as simple linear cascades, but rather comprise a
highly connected network often enriched by feedback loops
[2]. Therefore, an intuitive understanding of the behaviour of
such systems is intractable, particularly if quantitative aspects
are of interest. Mathematical modelling is required for both a
deeper insight into the biological system and to propose exper-
imentally testable hypotheses.*Corresponding authors. Address: Institute for Neural Information
Processing, Ulm University, D-89069 Ulm, Germany (H.A. Kestler).
Fax: +49 731 5024156.
E-mail addresses: michael.kuehl@uni-ulm.de (M. Ku¨hl), hans.kestle-
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doi:10.1016/j.febslet.2007.07.043Wnt proteins are extracellular glycoproteins that can acti-
vate diﬀerent intracellular signalling branches. The canonon-
ical Wnt/b-catenin pathway is characterized by the
stabilization of cytoplasmic b-catenin upon pathway stimula-
tion. In the absence of a Wnt signal, b-catenin concentrations
in the cytoplasm remain low due to the action of the destruc-
tion complex consisting of APC, Axin, and GSK3b. This com-
plex phosphorylates b-catenin which is then degraded by the
ubiquitin-dependent proteasome. Stabilized b-catenin can sub-
sequently interact with transcription factors of the TCF/LEF
family to regulate target gene expression (Fig. 1). A quantita-
tive model including the core components of the pathway has
been established by Lee et al. [1]. Based on coupled ordinary
diﬀerential equations (ODE) this model includes the following
proteins and their interactions: dishevelled (Dsh), GSK3b,
APC, Axin, b-catenin, and TCF. Quantitative data obtained
from biochemical experiments using Xenopus egg extracts as
a model system were used to deﬁne a reference state. An exten-
sion of this model yields a standard stimulated state with a per-
manent Wnt stimulation. Furthermore, a transient stimulation
is proposed, where the activity of Wnt decreases with an expo-
nential decay after initial activation (see [1] for more details).
Predictions of this model were experimentally conﬁrmed and
some initial robustness analyses were performed. This con-
struct has also been used to model the pathway in other con-
texts, e.g. cancer [3], although it remains unclear whether the
Lee–Heinrich model is a valid model in other contexts which
would require extended robustness analyses of the pathway
or experimental validation in other models.
Many signalling pathways, including the Wnt, FGF or
notch pathway, entail feedback loops to achieve better control
of signal amplitude or duration (see [4] for a review). In case of
negative feedback loops oscillations can arise under certain
conditions. During vertebrate somitogenesis many genes show
an oscillating expression pattern including Wnt, FGF and
notch pathway components [5]. In mouse embryos the cycle
duration of this process is between 90 and 120 min. For the
Wnt/b-catenin pathway, it has been shown that Axin2 (Con-
ductin/Axil), a close homolog to Axin with identical functions,
is a direct target gene and a negative regulator of the pathway
[6]. Aulehla and colleagues [7,8] suggested that the negative
feedback loop involving Axin2 causes the oscillation of the
Wnt pathway during somitogenesis. Aside from the Axin2
feedback mechanism, it had been shown that many other neg-
ative regulators of the Wnt/b-catenin pathway are also direct
target genes, including DKK1 or naked (see for details:
http://www.stanford.edu/~rnusse/pathways/targetcomp.html).blished by Elsevier B.V. All rights reserved.
Fig. 1. Reaction scheme of the Wnt/b-catenin pathway. The model of Lee et al. [1] includes concentrations of 15 proteins and protein complexes as
well as rate constants for the indicated reactions. Central to this model is the destruction cycle and the proteins APC, Axin, and GSK3b. If the
scaﬀolding proteins APC and Axin, bound to the kinase GSK3b, are phosphorylated, this complex can reversibly bind b-catenin (step 8) which is
synthesized permanently with a constant rate (step 12). If b-catenin is bound to the destruction complex it is phosphorylated (step 9), released (step
10), and degraded (step 11). Upon Wnt stimulation, Dsh is activated (step 1) which results in a breakup of the APC/Axin/GSK3b complex (step 3),
resulting in a reduced b-catenin degradation. This model also includes the synthesis and degradation of Axin (steps 14, vAxin,syn, and 15), the
reversible binding of b-catenin to the transcription factor TCF (reversible step 16), the non-Axin dependent degradation of b-catenin (step 13), and
the reversible binding of APC and b-catenin (reversible step 17). The protein phosphatase 2A (PP2A) is contained in step 5, and the activation via the
ligand protein Wnt is modelled with an abstract quantity [1]. We extended this model by two feedback loops induced by Axin2 and Inhibitor 2 (gray
box), which might be imparted by DKK1 or naked. Bold arrows indicate reactions involved in a continuous ﬂux, also in the steady states.
4044 C. Wawra et al. / FEBS Letters 581 (2007) 4043–4048To model these feedback loops of the Wnt/b-catenin path-
way, an extension of the Lee–Heinrich model is required. A
simple Axin2 feedback loop was previously introduced by
Cho and co-workers [9] and based on this new model Kim
et al. [3] investigated the crosstalk between the Wnt and ERK
pathways. However, Cho et al. restricted their analysis to the
steady state behaviour of the system. Consequently, the authors
integrated neither the intermediate product (the Axin2 RNA)
nor the time delays evoked by transcription, translation, and
splicing. The latter aspect in particular can be modelled with
time-delay diﬀerential equations. Lewis [10] suggested a simple
feedback loop for the zebraﬁsh oscillator, where the expression
of a gene is directly downregulated by its own protein product.
Similarly, Monk [11] investigated the feedback inhibition of
Hes1, p53 and NF-jB. Both studies showed that theses oscilla-
tors are mainly driven by the time delays considered.
Here, we perform an extended robustness analysis of the
Wnt/b-catenin pathway indicating a stable behaviour of thissignalling cascade. We used the Lee–Heinrich model as a basis
to integrate two feedback loops using time-delay diﬀerential
equations, and applied this extended model to ask whether
intrinsic oscillations of the pathway can occur, i.e. during ver-
tebrate somitogenesis.2. Methods
We implemented the ODE based Lee–Heinrich model of the Wnt/b-
catenin pathway [1], and our extension turns this model into a system
of delay diﬀerential equations (DDEs). All simulations were performed
with SciPy (www.scipy.org) and Mathematica (NDelayDSolve pack-
age for DDEs). We characterized the system’s response following a
transient stimulation by four values: amplitude, duration, integrated
response, and signalling time [12]. Assessment of the complete response
curve was done by ﬁtting a v2 function to the data to estimate the resid-
ual error. To quantify the impact of single parameter perturbations we
derived the control coeﬃcients [13] for the steady states and the dy-
namic characteristics. To simulate the pathway’s behaviour for cells
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tic conditions, we not only changed individual values but also simulta-
neously perturbed all protein concentrations using a Latin Hypercube
sampling approach [14] (see Supplementary material for a detailed
description of the model and the methods implemented, and http://
www.informatik.uni-ulm.de/ni/staﬀ/HKestler/wntrobust/ for the simu-
lation scripts).3. Results and discussion
3.1. Single parameter perturbations
In order to perform an extended robustness analysis of the
Lee–Heinrich model, we ﬁrst perturbed the concentrations of
all involved proteins individually up to ±50% of the reference
state. To determine the relative inﬂuence of theses changes
upon total b-catenin concentration we derived the control
coeﬃcients of all components for the steady states and the dy-
namic characteristics of b-catenin concentration (see Supple-
mentary data for details). The order of these coeﬃcients is
identical for the steady states but changes for the dynamic
characteristics. The average inﬂuence of all components upon
the pathway characteristics is depicted in Fig. 2. During tran-
sient stimulation, the inﬂuence of all components on the ampli-
tude and integrated response is greater than their inﬂuence on
the duration and the signalling time. Thus, duration and espe-
cially signalling time are more robust against parameter per-
turbations. This may be a design principle for an oscillatory
system, as duration and signalling time could be essential to
establishing a stable oscillation with a constant frequency.
3.2. Multiple-parameter perturbations vs. single parameter
perturbations
We next investigated the outcome of perturbing multiple-
parameters simultaneously. To measure the inﬂuence of a sin-
gle pathway component under multiple-parameter variations,
we perturbed all components systematically. The frequency,Av
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Fig. 2. Extended parameter perturbation analysis of the Lee–Heinrich
model. Average control coeﬃcients for the reference state (black
dashed line), standard stimulated state (black solid line), integrated
response (red solid line), amplitude (red dashed line), duration (blue
solid line), and signalling time (blue dashed line). Note that both
parameters are dimensionless.i.e. how often a single component is responsible for very high
or low system characteristics (steady states, dynamic proper-
ties), reveals information about the overall inﬂuence of that
component compared to the inﬂuence of single perturbations.
For small and moderate perturbations the order of inﬂuence of
pathway components remains the same (see Supplementary
data). This also holds for strong perturbations of 50%, except
for the integrated response where the inﬂuence of dishevelled is
greatest when other components are perturbed at the same
time. Conversely, b-catenin has the greatest inﬂuence in case
of single perturbations rather than dishevelled. However, the
single inﬂuence of these two components is very similar (cf.
Supplementary data). These ﬁndings suggest a robust model
under simultaneous parameter perturbations, as there is only
one case in which a component has a diﬀerent inﬂuence in
comparison to a single parameter perturbation. In particular,
there is no component which exhibits a low inﬂuence on its
own and an extraordinary high inﬂuence in the case of multiple
perturbations.
3.3. Varying initial conditions yield diﬀerent models
In a next set of simulations we asked whether the model gen-
erates comparable results when using diﬀerent initial reference
states (representing diﬀerent biological models, cell lines etc.).
We simultaneously changed the initial concentrations of the
involved proteins, measured by Lee et al. in Xenopus egg
extracts, up to ±50% in comparison to the proposed concen-
tration values. This yields diﬀerent models where not only
the protein concentrations but other model parameters such
as reaction rates diﬀer.
Though changed initial conditions result in diﬀerent system
characteristics (e.g. total b-catenin concentration varies be-
tween 82 and 313 nMol, standard stimulated state) our simula-
tions still suggest a very robust and similar behaviour for all
new models: The fraction between b-catenin concentration of
the standard stimulated and reference state was between 4.5
and 6.0, and the fraction between the amplitude and the refer-
ence state concentration changes between 0.5 and 1.2. We
therefore see a clear increase of the b-catenin concentration
in the case of permanent stimulation, and at least a 50% in-
crease in the case of transient activation (the ranges of the
standard stimulated state and the dynamic characteristics, as
well as all control coeﬃcients and curve ﬁtting results can be
found in Supplementary data). Based on these results we con-
clude that the Lee–Heinrich model is a valuable tool to predict
the outcome of the Wnt/b-catenin pathway in diﬀerent biolog-
ical systems and settings.
3.4. Extension of the kinetic modelling by two feedback loops
Taking into account the described results, we next extended
the Lee–Heinrich model by two feedback loops caused by di-
rect targets of the pathway. The modelling of Axin2 feedback
by introducing Axin2 RNA concentration as a new component
is based on experimental data [6,15], and also preserves the ori-
ginal properties based on measurements and assumptions
made by the Lee–Heinrich model. We further assume a coop-
erative activation of the Wnt target genes and use a sigmoidal
Hill function for the activation of transcription [16] with the
Hill coeﬃcient as a parameter of steepness. Two time delays
were used to model the time for transcription, splicing, trans-
lation, and diﬀusion. These delays are estimated according to
Lewis [10], who constructed a two-component model of the
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the speed of RNA transcription, splicing and translation. The
strength of this Axin2 feedback mechanism is based on the
experimental measurements of Kim et al. [15] and Jho et al.
[6]. Based on these publications we estimated the increase in
Axin2 RNA upon Wnt stimulation, as well as the fraction of
Axin and Axin2 RNA for the unstimulated and stimulated
state.
In addition to Axin2 feedback, we introduced a second feed-
back loop that provides a negative regulation further upstream
in the pathway. This could result from the interaction of naked
with dishevelled, or by DKK1 interfering with the formation
of an active Wnt receptor complex [17,18]. As there are no
quantitative data concerning the naked or DKK1 concentra-
tions available, we used as an approximation the same synthe-
sis and turnover rates speciﬁed for Axin2. As the DKK1
protein is smaller than Axin2, has a smaller primary transcript
length, and also has fewer introns, the time delays related to
transcription and processing were assumed to be shorter. We
included an additional delay of 30 min for transport out of
the cell. In our model the DKK1 protein inﬂuences the path-
way’s activation by repressing the eﬀect of activated dishev-
elled upon the destruction complex comprising APC, Axin,
and GSK3b (as does naked). These extensions convert the ref-
erence model, based on ordinary diﬀerential equations, into a
model consisting of delay diﬀerential equations.
The dynamic behaviour of this extended model depends on
the basic model of Lee et al. as well as on several additional
parameters of our extension. We varied several of these param-
eters, which were found to be essential to two aspects of the
feedback mechanism. Firstly we were interested in examining
the pathway’s behaviour under diﬀerent conditions, as mani-
fested in diﬀerent cells or diﬀerent stages of the embryonic
development. Secondly, there are parameters, e.g. delays, that
can only be estimated with a very wide range of possible val-
ues. According to Lewis [10] we have used minimal and max-
imal values for the constant time delays for transcription and
translation. These two extreme values were based on qualita-
tive and experimental observations and thus we used both of
them for all simulations [10]. The Hill coeﬃcient, a quantita-
tive measure of the cooperativity of binding between gene
products, was either set to 5, 10, or 15 since there is a great dis-
crepancy in several other gene regulatory models [19,20].
Quantitative data for Axin2 increase upon pathway stimula-
tion and the fraction of Axin vs. Axin2 was based on a rough
estimation based on several published studies [6,15]. We there-
fore also varied these parameters to compensate for this uncer-
tainty. A detailed description of the model extension, the
adaptation to the basic model of Lee et al., and the origin of
all new model parameters can be found in Supplementary
data.
3.5. High b-catenin throughput can induce oscillation
Using this extended model of the Wnt/b-catenin pathway,
we asked whether the system can demonstrate oscillatory
behaviour. In vivo components of the Wnt signalling pathway
have been shown to oscillate during vertebrate somitogenesis
[5,7,8]. To our knowledge this is the only example in which
the canonical Wnt pathway exhibits an oscillatory behaviour
suggesting either a crosstalk with other pathways or speciﬁc
intrinsic characteristics in this setting. We analysed the dy-
namic behaviour of our extended model with the parametersof the Lee–Heinrich model and varied the delays, the Hill coef-
ﬁcient, and parameters concerning the Axin2 increase and
Axin/Axin2 fraction. Regardless of theses variations the sys-
tem does not exhibit stable oscillation upon permanent Wnt
stimulation. Due to the integrated negative feedback the b-
catenin steady state is approximately 38% lower than in the
Lee–Heinrich model.
If the pathway system can oscillate solely based on alternat-
ing protein levels of the destruction complex and b-catenin,
then a higher b-catenin and Axin throughput is necessary to
achieve an oscillation with a certain cycle duration and ampli-
tude. Therefore we increased b-catenin and Axin ﬂux through
the original Lee–Heinrich model by factors ranging from 2 to
20. With these modiﬁcations we observed an oscillating system
with cycle durations (T) between 159 and 424 min. The lowest
T was induced when the b-catenin and Axin throughput was
increased at most (20-fold, 5-fold) and delays where assumed
to be minimal. In this case the choice of the Hill coeﬃcient
(5, 10, or 15) is almost irrelevant and higher cooperativity re-
sults in saturated RNA levels, but does not change the dura-
tion of the oscillating pathway system. Fig. 3 shows the
corresponding time plots for various Hill coeﬃcients.
For the settings resulting in the fastest oscillation, we inves-
tigated the inﬂuence of the second feedback loops by modify-
ing the impact of DKK1. For a moderate Hill coeﬃcient of 5
the second feedback loop is necessary for stable oscillation.
With increased cooperativity (m = 5, 10) the system can oscil-
late solely with the Axin2 feedback loop. The additional
DKK1 feedback loop, whose negative eﬀect upon the pathway
was set equal to that of Axin2, accelerating the oscillation by
only 11–17 min. A stronger impact of DKK1 results in in-
creased amplitudes of b-catenin and b-catenin/TCF, but T is
decreased to less than 5 min. Our ﬁndings suggest that an oscil-
lation based on the mechanism described above is only possi-
ble with b-catenin (and probably Axin) throughput higher
than described by the Lee–Heinrich model. This would impli-
cate that during vertebrate somitogenesis either the b-catenin
throughput is increased by several factors, or that other mech-
anisms exist by which the active b-catenin level can be changed
very fast (at least in the nucleus). These might include post-
translational modiﬁcations or rapid formation of higher order
protein complexes.
The cycle durations we derived for this oscillator are longer
than those observed in vivo. Deque´ant et al. [5] reported a T of
102 min for the Axin2 gene in the mouse; other authors re-
ported that during the embryogenesis of the mouse a somite
is assembled every 90–120 min depending on axial position
[21]. This would predict that additional feedback mechanisms
exist which have not been described thus far, or alternatively
that T is inﬂuenced by crosstalk with other oscillating signal-
ling pathways such as Notch. If one assumes there is no cross-
talk event responsible for faster oscillation, i.e. the Wnt/b-
catenin pathway can oscillate by itself with the experimentally
observed T, there must exist additional mechanisms that inﬂu-
ence oscillation frequency. This behaviour might be conferred
by downstream regulatory genes expressed along with Axin2
or DKK1, building a short and direct negative feedback loop
implementing a short cycle duration and then enhanced by the
two feedback mechanisms of Axin2 or DKK1. Another
hypothesis is based on the assumption that the oscillating fre-
quency is generated by part of the Wnt/b-catenin pathway not
been included in the model, i.e. pathway activation upstream
Fig. 3. Stable oscillation of the feedback-augmented Lee–Heinrich model. Time plots for various Hill coeﬃcients are shown: A = 5, B = 10, C = 15.
Other parameters are ﬁxed (see Supplementary data). The following concentrations are shown: sum of b-catenin and b-catenin/TCF: (black plot),
Axin2 RNA (red solid plot), and inhibitor 2 RNA (red dashed plot).
C. Wawra et al. / FEBS Letters 581 (2007) 4043–4048 4047of dishevelled. Alternatively, it may be dependent on the inter-
action of several signalling pathways such as Wnt/b-catenin
and Notch [7,8]. For example, Aulehla and colleagues reported
that in Dll/ embryos with impaired Notch signalling the
Axin2 RNA oscillation is disturbed.
Our ﬁndings suggest that the Wnt/b-catenin pathway is
capable of generating oscillatory behaviour independent of
external factors. During vertebrate somitogenesis, however,
the observed oscillation frequency likely depends on interac-
tion with other signalling pathways, e.g. an obligatory cross-
talk with Notch signalling. A comprehensive analysis of the
segmentation oscillator will therefore require a model integrat-
ing these pathway components to account for complex, sys-
tem-wide behaviour.
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